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Lagrangian formulation for emergent elastic waves in magnetic emergent crystals
Yangfan Hu∗
Sino-French Institute of Nuclear Engineering and Technology, Sun Yat-sen University, 519082, Zhuhai, China
Magnetic emergent crystals are periodic alignment of “particle-like” spin textures that emerge
in magnets. Instead of focusing on an individual spin or a macroscopic magnetization field, we
analyze the dynamical behaviors of these novel states by taking a solid-state point of view. Based
on variational principles, the basic equations for lattice dynamics of any emergent crystalline states
appearing in magnetic materials is established. For small amplitude emergent elastic waves prop-
agating in emergent crystals, the basic equations reduce to an eigenvalue problem, from which the
dispersion relation and vibrational patterns for all emergent phonons are determined at the long
wavelength limit.
Introduction
Since the first successful experimental observa-
tion of Bloch-type 2D magnetic skyrmion crystals
(SkX) in bulk MnSi[1], SkX with different chirality[2],
commensurability[3, 4] and dimensionality[5], or even
crystalline states of other spin textures such as anti-
skyrmion crystal [6] and bi-skyrmion crystal[7, 8] are
discovered in various kinds of magnetic materials. As
emergent crystals (ECs), the collective spin excitations
of these macroscopic states and related properties have
been extensively studied[9–21] due to their scientific
interest and application potential in magnonics. In
terms of theoretical modeling, most of the studies start
by numerically solving the well-known Landau-Lifshitz-
Gilbert[22, 23] (LLG) equation of the magnetization
field, where an explicit understanding of the dynam-
ical properties is difficult to be obtained. If we are
only interested in deriving the collective excitations of
these ECs around some equilibrium state, it is more
convenient to take into account the periodicity of these
ECs, and expand the magnetization M as a Fourier
series[24, 25], where the dynamical behaviors around
the emergent crystalline state considered is described by
a vibrating emergent displacement field and vibrating
Fourier magnitudes. In previous studies, dynamics of
the emergent displacement field[17, 26] and the Fourier
magnitudes[10] have been studied individually, while
their coupling has not been considered. Based on
variational principles, we establish the basic equations
describing the coupling small amplitude vibration of the
emergent displacement field and the Fourier magnitudes
at long wavelength limit for any magnetic Ecs. Consid-
ering ECs as periodic alignment of emergent particles,
i.e., localized field patterns instead of point masses, the
equations obtained describe the lattice dynamics of these
ECs, where vibration of the emergent displacement field
describes lattice vibration and vibration of the Fourier
magnitudes describes in-lattice vibration (i.e., vibration
of the field pattern inside the lattice while keeping the
lattice unchanged). Generally, the derived equations
are hard to solve. Yet, for emergent elastic waves (long
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wavelength emergent phonons) propagation, we derive
from the basic equations an eigenvalue problem which
determines the dispersion relation of emergent phonons
near long wavelength limit.
Variational principles for dynamics of the magneti-
zation field
The Euler-Lagrange equation for dynamics of magne-
tization can be derived from the principle of least action
δS = 0, or equivalently
δ
∫
Ldt = 0, (1)
where S is the action of the system, and L = EK − Φ is
the Lagrangian of the system, with EK and Φ denoting
respectively the total kinetic energy induced by dynam-
ical behavior of the magnetization and the total free en-
ergy. It has been mentioned long ago that the form of
EK is not unique. The most commonly used form de-
rives from the Berry Phase action of a spin, which gives
EK =
M
γ
∫
ϕ˙ cos θdV [27, 28], where M denotes the aver-
age modulus of magnetization, γ denotes the gyromag-
netic ratio, and ϕ and θ are Euler angles of the mag-
netization field. Alternatively, we can use the following
variational form of EK :
δEK =
M
γ
∫
(n× n˙) δndV , (2)
where n denotes the unit magnetization vector. Sub-
stitution of eq. (2) into eq. (1) yields the well known
equation
n˙ = γHeff × n, (3)
where Heff = −
1
M
δΦ
δn
denotes the effective magnetic
field. If dissipation is considered[23], eq. (1) becomes
δ
∫
Ldt−
∫
∂W
∂n˙
δndt = 0, (4)
where W = αM2γ
∫
n˙
2
dV . Substitution of eq, (2)
into eq. (4) yields the Landau-Lifshitz-Gilbert (LLG)
equation[22, 23]
n˙ = γHeff × n− αn˙× n. (5)
2When the free energy Φ can be expressed in terms of
the unit magnetization vector n, the upper equations are
directly applicable. On the other hand, if we consider the
modulation of modulus of magnetization due to a change
of the temperature or due to the presence of ECs, we have
Φ = Φ(M), where M denotes the magnetization vector.
In this case, eq. (2) should be replaced by
δEK =
1
γM2
∫ (
M × M˙
)
δMdV , (6)
where M = 1
V
∫
|M| dV .
Fourier representation of deformable emergent crystals
in magnetic materials
Deformable ECs in helimagnets permit the following
Fourier expansion of the magnetization within the Eule-
rian coordinates[25]
M =
∑
l
Mqle
iql[I−F
e(r)]·r, (7)
where ql denotes the reciprocal lattice vectors of the
EC. For a d-dimensional EC (d = 1, 2, 3), ql =
l1q1 + l2q2 + · · · + ldqd, where l = [l1, l2, · · · , ld]
T
is
a vector of integers, and q1, q2, , qd are the basic re-
ciprocal vectors. In eq. (7), F eij(r) = ε
e
ij + ω
e
ij , where
εeij =
1
2
(
uei,j + u
e
j,i
)
are components of the emergent
strain tensor, ωeij =
1
2
(
uei,j − u
e
j,i
)
are components of the
emergent rotation tensor, and uei are components of the
emergent displacement vector. Disregarding rigid trans-
lation of the EC considered, two types of deformation
may occur[25]: the lattice deformation described by εeij
and ωeij which transform the undeformed wave vectors
ql to q
e
l
(
εeij , ω
e
ij
)
= [I− Fe(r)]Tql, and the in-lattice
deformation described by variation of the Fourier mag-
nitudes Mql . Consider the dynamics of magnetization
when the equilibrium state of the system is stabilized in
an emergent crystalline state, eq. (7) becomes
M =
∑
l
[
(Mql)st + (Mql(r, t))v
]
× eiq
e
l ((εeij)st, (ω
e
ij)st)·[r−(u
e(r,t))v],
(8)
where (P )st denotes the static value of the quantity
P , and (P )v denotes time-dependent departure from
(P )st due to dynamical behavior of P . As intro-
duced before[10, 25], one can take all components of
(Mql(r, t))v for all possible choices of ql, and construct
a large vector describing the vibration of all Fourier
magnitudes (Mq(r, t))v. Eq. (8) shows that the dynamic
behavior of any magnetic EC around an equilibrium
state is determined by the vibrating emergent dis-
placement field (ue(r, t))v and the vibrating Fourier
magnitudes (Mq(r, t))v.
Basic equations of emergent elastic waves in mag-
netic emergent crystals
The basic equations of emergent elastic wave propaga-
tion in magnetic ECs can be derived by substituting eq.
(8) into eq. (1), which gives
−
d
dt
[
∂L
∂(u˙e)v
]
+
∂L
∂(ue)v
−
∑
i
d
dri
[
∂L
∂
(
ue,i
)
v
]
= 0, (9)
−
d
dt

 ∂L
∂
(
M˙q
)
v

+ ∂L
∂(Mq)v
−
∑
i
d
dri
[
∂L
∂
(
M
q
,i
)
v
]
= 0.
(10)
More conveniently, we have from eq. (2)
δEK
δ(ue)v
−
∂Φ
∂(ue)v
+
∑
i
d
dri
[
∂Φ
∂
(
ue,i
)
v
]
= 0, (11)
δEK
δ(Mq)v
−
∂Φ
∂(Mq)v
+
∑
i
d
dri
[
∂Φ
∂
(
M
q
,i
)
v
]
= 0. (12)
When damping is considered, eqs. (11-12) transform to
δEK
δ(ue)v
−
∂Φ
∂(ue)v
+
∑
i
d
dri
[
∂Φ
∂
(
ue,i
)
v
]
−
∂W
∂(u˙e)v
= 0,
(13)
δEK
δ(Mq)v
−
∂Φ
∂(Mq)v
+
∑
i
d
dri
[
∂Φ
∂
(
M
q
,i
)
v
]
−
∂W
∂
(
M˙q
)
v
= 0.
(14)
Generally speaking, eqs. (11-14) are difficult to solve,
since the presence of (ue(r, t))v and (M
q(r, t))v in eq.
(8) breaks the orthogonality of the Fourier series expres-
sion of M introduced in eq. (7). Hereafter we focus
on the solution of eqs. (11-12) for small amplitude vi-
bration of (ue(r, t))v and (M
q(r, t))v at long wavelength
limit, while eqs. (13-14) can be treated in a similar way.
Consider the emergent elastic wave propagation in the
EC with small amplitude, i.e., (ue(r, t))v and (M
q(r, t))v
have small magnitudes and they both change smoothly
in space. In this case, the orthogonality of the Fourier
series expression of M is approximately maintained, and
we can expand Φ as
3Φ = (Φ)st +
1
2
∑
i,j
(
∂2Φ
∂(uei )v∂
(
uej
)
v
)
st
(uei )v
(
uej
)
v
+
1
2
∑
i,j,k,l

 ∂2Φ
∂
(
uei,k
)
v
∂
(
uej,l
)
v


st
(
uei,k
)
v
(
uej,l
)
v
+
∑
i,j,k

 ∂2Φ
∂
(
uei,k
)
v
∂
(
uej
)
v


st
(
uei,k
)
v
(
uej
)
v
+
1
2
∑
i,j
(
∂2Φ
∂(M qi )v∂
(
M
q
j
)
v
)
st
(M qi )v
(
M
q
j
)
v
+
1
2
∑
i,j,k,l

 ∂2Φ
∂
(
M
q
i,k
)
v
∂
(
M
q
j,l
)
v


st
(
M
q
i,k
)
v
(
M
q
j,l
)
v
+
∑
i,j,k

 ∂2Φ
∂
(
M
q
i,k
)
v
∂
(
M
q
j
)
v


st
(
M
q
i,k
)
v
(
M
q
j
)
v
+
∑
i,j,k

 ∂2Φ
∂
(
uei,k
)
v
∂
(
M
q
j
)
v


st
(
uei,k
)
v
(
M
q
j
)
v
+
∑
i,j,k

 ∂2Φ
∂
(
M
q
i,k
)
v
∂
(
uej
)
v


st
(
M
q
i,k
)
v
(
uej
)
v
+
∑
i,j
(
∂2Φ
∂(uei )v∂
(
M
q
j
)
v
)
st
(uei )v
(
M
q
j
)
v
+
∑
i,j,k,l

 ∂2Φ
∂
(
uei,k
)
v
∂
(
M
q
j,l
)
v


st
(
uei,k
)
v
(
M
q
j,l
)
v
.
(15)
The last term on the r.h.s. of eq. (15) is included when an AC magnetic field is applied to the material. For the
kinetic energy of the system, we have
δEK
δ(uei )v
=
∑
j
(
∂
∂
(
u˙ej
)
v
δEK
δ(uei )v
)
st
(
u˙ej
)
v
+
∑
j

 ∂
∂
(
M˙
q
j
)
v
δEK
δ(uei )v


st
(
M˙
q
j
)
v
, (16)
δEK
δ(M qi )v
=
∑
j
(
∂
∂
(
u˙ej
)
v
δEK
δ(M qi )v
)
st
(
u˙ej
)
v
+
∑
j

 ∂
∂
(
M˙
q
j
)
v
δEK
δ(M qi )v


st
(
M˙
q
j
)
v
, (17)
Substitution of eqs. (15-17) into eqs. (11, 12) yields
a set of linearized partial differential equations for
(ue(r, t))v and (M
q(r, t))v. Consider the plane-wave
form of solution (ue(r, t))v = u
e0ei(k˜·r−ωt), (Mq(r, t))v =
M q0ei(k˜·r−ωt), a generalized eigenvalue problem of the
frequency ω can be obtained as
(Rω −K)
[
ue0
Mq0
]
= 0, (18)
where
R =
[
Re Req
(Req∗)T Rq
]
, (19)
K =
[
Ke Keq
(Keq∗)
T
Kq
]
, (20)
where Req∗ and Keq∗ denote complex conju-
gate of Req and Keq. Reij = −i
[
∂
∂u˙e
j
(
δEBP
δue
i
)]
st
,
R
q
ij = −i
[
∂
∂M˙
q
j
(
δEBP
δM
q
i
)]
st
, R
eq
ij = −i
[
∂
∂M˙
q
j
(
δEBP
δuei
)]
st
,
Keij =
∑
p,s
k˜pk˜s
[
∂
∂ue
j,ps
(
d
drp
(
∂Φ¯
∂ue
i,p
))]
st
, K
eq
ij =[∑
p,s
k˜pk˜s
∂
∂M
q
j,ps
(
d
drp
∂Φ
∂ue
i,p
)
−
∑
p
ik˜p
∂
∂M
q
j,p
(
d
drp
∂Φ
∂ue
i,p
)]
st
,
K
q
ij =
[
∂
∂M
q
j
(
∂Φ¯
∂M
q
i
)
+
∑
p
ik˜p
∂
∂M
q
j,p
(
∂Φ
∂M
q
i
)
−
∑
p
ik˜p
∂
∂M
q
j,p(
d
drp
(
∂Φ
∂M
q
i,p
))
+
∑
p,s
k˜pk˜s
∂
∂M
q
j,ps
(
d
drp
(
∂Φ
∂M
q
i,p
))]
st
. Here
a subscript ”st” means that the term is calculated at
the equilibrium state ue = (ue)st and M
q = (Mq)st.
When k˜ → 0, the stiffness matrix K is completely de-
termined by the emergent elastic properties of the EC
considered[11]. To be more specific Kq = µq, Ke is de-
termined by Ce thorough
4Ke11 = −C
e
11k˜
2
1 −
1
4
(Ce33 + C
e
44 + 2C
e
34) k˜
2
2 − (C
e
13 + C
e
14) k˜1k˜2,
Ke22 = −C
e
22k˜
2
2 −
1
4
(Ce33 + C
e
44 − 2C
e
34) k˜
2
1 − (C
e
23 − C
e
24) k˜1k˜2,
Ke12 = K
e
21 = −
1
2
(Ce13 − C
e
14) k˜
2
1 −
1
2
(Ce23 + C
e
24) k˜
2
2 −
1
2
(2Ce12 + C
e
33 − C
e
44) k˜1k˜2,
(21)
and Keq is determined by geq through
K
eq
1i = i
(
g
eq
1i k˜1 +
1
2
g
eq
3i k˜2 +
1
2
g
eq
4i k˜2
)
,
K
eq
2i = i
(
g
eq
2i k˜1 +
1
2
g
eq
3i k˜2 −
1
2
g
eq
4i k˜2
)
.
(22)
Based on the formulation established here, we systemati-
cally study the long wavelength emergent phonon excita-
tions for isotropic hexagonal SkX[29] and distorted SkX
due to presence of anisotropic effects[30].
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